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Support for 

decision making

e.g. urban planning, 

crisis management, 

natural resource 

exploitation, etc.

Key role of numerical models
 

Computational 

Model

ComPASS

EFISPEC3D

MARTHE

UHAINA

LX-SHORE

Softwares developed w.r.t. BRGM activities

Marine flooding

Geothermal

Shoreline change

Earthquake

Hydrogeology
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Support for 

decision making

Key questions:

▪ Confidence in the numerical 

results?

▪ How to reduce uncertainty?

Key role of numerical models
 

Computational 

Model
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TOOLS

- Mean

- Exceedance Probability

- Worst case

- …

STEP 2

Representation 

of uncertainties

TOOLS

- Probability

- Intervals

- Scenarios

…

STEP 3

Propagation of 

uncertainties

STEP 3BIS

Sensitivity 

Analysis

Support for 

decision making

Computational 

Model

STEP 1

Definition of the 

problem

Framework for quantifiable 
uncertainty
Adapted from [de Rocquigny et al., 2008]. 
Uncertainty in Industrial Practice; A guide to 
Quantitative Uncertainty Management, Wiley

4

https://onlinelibrary.wiley.com/doi/book/10.1002/9780470770733
https://onlinelibrary.wiley.com/doi/book/10.1002/9780470770733
https://onlinelibrary.wiley.com/doi/book/10.1002/9780470770733
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TOOLS

- Mean

- Exceedance Probability

- Worst case

- …

STEP 2

Representation 

of uncertainties

STEP 3

Propagation of 

uncertainties

Support for 

decision making

Computational 

Model

TOOLS

- Probability

- Intervals

- Scenarios

…

STEP 3BIS

Sensitivity 

AnalysisUnderstand

Accredit

Select

Comply

Key question:

What objective?

STEP 1

Definition of the 

problem
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TOOLS

- Mean

- Exceedance Probability

- Worst case

- …

STEP 3

Propagation of 

uncertainties

STEP 3BIS

Sensitivity 

Analysis

Support for 

decision making

Impact 

Assessment 

Model

STEP 1

Definition of the 

problem
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STEP 2

Representation 

of uncertainties

TOOLS

- Probability

- Intervals

- …

Key question:

What do I know?

How to model this 

knowledge?
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STEP 2

Representation 

of uncertainties

TOOLS

- Probability

- Intervals

- …

STEP 3BIS

Sensitivity 

Analysis

Support for 

decision making

Impact 

Assessment 

Model

STEP 1

Definition of the 

problem
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TOOLS

- Mean

- Exceedance Probability

- Worst case

- …

STEP 3

Propagation of 

uncertainties

Key question:

Confidence in the results?
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❑ Monte-Carlo random sampling

❑ ‘Accelerated’ Monte Carlo sampling

❑ Latin Hypercube Sampling (&variants) (a)

❑ Low discrepancy random sequences (b)

❑ Importance sampling

❑ Multi-level sampling (c)

❑ …

❑ Reliability methods

❑ FORM/SORM

❑ Monotonic Reliability Method

❑ Interval computation and optimisation

Depending on the objective, different approaches…

8

(a)

(b)

(c)
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TOOLS

- Mean

- Exceedance Probability

- Worst case

- …

STEP 2

Representation 

of uncertainties

TOOLS

- Probability

- Intervals

- …

STEP 3

Propagation of 

uncertainties

Support for 

decision making

Impact 

Assessment 

Model

STEP 1

Definition of the 

problem

9

STEP 3BIS

Sensitivity 

Analysis
Key question:

Where to put effort to 

reduce the uncertainty?
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“For every dollar that is spent 
trying to quantify uncertainty, 

we should spend 10 dollars 
collecting and analyzing data 

that would reduce uncertainty”.

[Gail Atkinson] (2004 World Conference on Earthquake Engineering)

10

https://www.iitk.ac.in/nicee/wcee/article/13_5001.pdf
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❑ Local
▪ One parameter is varied ‘one at a time’ OAT

▪ Quantify a deviation from a reference solution

❑ Global
▪ All parameters are varied all to together

▪ Account for probabilistic information

▪ Account for interactions

Two possible approaches

11
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❑ Objective:
▪ Explore the influence of inputs Xi (i=1..d) on the output y;

▪ Over the whole range of variation of Xi;

▪ With account of interactions

▪ Model-free

❑ Principle:
▪ Estimate the variance reduction of Y if I knew the true value x*i of Xi

▪ The input leading to the largest reduction has the largest influence

❑ Assumptions in the following
▪ Variance(Y) ~ measure of uncertainty

▪ Xi are independent

Variance-based global sensitivity analysis
[Saltelli et al., 2008]

12

https://onlinelibrary.wiley.com/doi/book/10.1002/9780470725184
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x1

pdf

x2

pdf

y

pdf

Inputs Output

model

y=f(X)

13
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y

pdf

model

y=f(X)x1

pdf

x2

pdf

x1*

If the true value x1* was known the 

variance V(Y) would be reduced by V(1)
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y

pdf

model

y=f(X)

x1*

x1

pdf

x2

pdf

𝑉(𝑌|𝑋1 = 𝑥1
∗)

15

If the true value x1* was known the 

variance V(Y) would be reduced by V(1)
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x1

pdf

x2

pdf

y

pdf

model

y=f(X)

x2*

𝑉(𝑌|𝑋2 = 𝑥2
∗∗)

16

If the true value x2* was knwown the 

variance V(Y) would be reduced by V(2)
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x1

pdf

x2

pdf

y

pdf

model

y=f(X)

x2**

𝑉(𝑌|𝑋2 = 𝑥2
∗∗)

17

If the true value x2** was knwown the 

variance V(Y) would be reduced by V(2)’
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x1

pdf

x2

pdf

y

pdf

model

y=f(X)

x2**

𝐸(𝑉(𝑌|𝑋2))

18

Since we do not know the true 

value of X2

x2*
y

pdf

?



BRGM SERVICE GÉOLOGIQUE NATIONAL WWW.BRGM.FR

1919

𝑉 𝑌 =  𝐸 𝑉 𝑌 𝑋𝑖 = 𝑥𝑖
∗ + 𝑉(𝐸(𝑌|𝑋𝑖 = 𝑥𝑖

∗))

𝑆𝑖 =
𝑉(𝐸(𝑌|𝑋𝑖 = 𝑥𝑖

∗)) 

𝑉(𝑌)

dij

lji

ijl

ji

ij

i

i VVVVYV ++++= 


)(

Total effect

Main effects + interactions

with X-i=(X1,…, Xi-1, Xi+1,… Xd)

)(

))((

YV

XYEV
S i

Ti

−−= 1

[Saltelli et al., 2008]

19

Functional ANOVA

Sobol’ index of first order (main effect):

Law of Total Variance

2d-1 terms !!

Definition of sensitivity indices

https://onlinelibrary.wiley.com/doi/book/10.1002/9780470725184
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❑  : interaction betw.      and all other inputs

❑ In practice

▪                           does not depend on 

▪                            only dépends on 

▪                no interaction

▪               additive function

❑Estimation:

❖Monte-Carlo ‘Pick-freeze’ methods [Sobol 2001; Saltelli et al. 2010]  requires specific experimental random design 

❖Given Samples [rank-based: Gamboa et al. 2020; da Veiga et al. (2025)]  only uses N random samples

)(0 XfSTi →=

)(1 XfSi →=

tot

ii SS =


=

=
n

i

iS
1

1

10  Tii SS
iTi SS −

iX

iX

iX

Use for factors’ ranking and fixing
[Saltelli et al., 2008]

20

https://www.knowledgeminer.eu/ockham/pdf/Sobol_Indices_2001.pdf
https://doi.org/10.1016/j.cpc.2009.09.018
https://projecteuclid.org/journals/bernoulli/volume-28/issue-4/Global-sensitivity-analysis--A-novel-generation-of-mighty-estimators/10.3150/21-BEJ1421.full
https://arxiv.org/abs/2303.17832
https://onlinelibrary.wiley.com/doi/book/10.1002/9780470725184
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[Iooss and 

Lemaitre 2015]

https://hal.archives-ouvertes.fr/hal-00503179/file/JSFdS_iooss.pdf
https://arxiv.org/pdf/1404.2405
https://arxiv.org/pdf/1404.2405
https://hal.archives-ouvertes.fr/hal-00503179/file/JSFdS_iooss.pdf
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❑ Correlated inputs → Shapley effects [Iooss & Prieur 2019] 

❑ Beyond variance → HSIC [da Veiga 2015]

❑ Complex outputs → [Gamboa et al., 2021]

❑ Computational burden → use of surrogate models

A few challenges

22

https://hal.archives-ouvertes.fr/hal-01556303v1
https://arxiv.org/pdf/1311.2483.pdf
https://doi.org/10.1016/j.ress.2021.107611
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Ce DataCentre répond au besoin d’un trafic numérique d’envergure avec plus de 6 millions de visites annuelles et plus de 500 sites hébergés. © BRGM

Key ingredient: 

High-Performance Computing 

VersusHuge computation time 
cost of a single run

 

Large number of model 
runs needed

 

23

https://rapport-activite.brgm.fr/sites/default/files/2021-09/RR_PP_dataCentre.jpg
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Complementary ingredient:

Surrogate modelling 

(aka metamodelling)

Predictive 

model learned 

using machine 

learning 

methods

VersusHuge computation time 
cost of a single run

 

Large number of model 
runs needed

 

24
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▪ Polynomial regression 

▪ Smoothing techniques 

▪ Kriging, aka Gaussian Process 

▪ Polynomial Chaos expansion 

▪ Support Vector Machine 

▪ Neural network

▪ All techniques of data-science / machine learning

▪ Etc.

▪ Validity?

▪ Comparison to the results of test set not used for training

▪ In practice, cross-validation (LOO or K-fold)

Multiple methods

25
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▪Objective: predict 𝑌∗ for new inputs 𝑥∗ 

without running the computer code

▪Assumptions

▪distribution of 𝑌∗ depends on n simulation results 𝒀n = 𝒚
▪distribution of 𝑌∗|{𝒀n= 𝒚} is Gaussian

With parameters (simple kriging equations)

▪Mean 𝑚 = 𝑘∗t
. 𝐊−1 𝒚

▪Variance ² = 𝑘 𝑥∗, 𝑥∗ − 𝑘∗t
. 𝐊−1 . 𝑘∗

With

Covariance matrix 𝑲 = 𝑘(𝑥i, 𝑥j) 1i,jn
 

Covariance vector 𝑘∗ = 𝑘 𝑥∗, 𝑥1 , 𝑘 𝑥∗, 𝑥2 , … , 𝑘(𝑥∗, 𝑥n)

> 26

A flexible surrogate model: Gaussian process (Gp) regression
[Williams and Rasmussen, 2006]
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▪Objective: predict 𝑌∗ for new inputs 𝑥∗ 

without running the computer code

▪Assumptions

▪distribution of 𝑌∗ depends on n simulation results 𝒀n = 𝒚
▪distribution of 𝑌∗|{𝒀n= 𝒚} is Gaussian

With parameters (simple kriging equations)

▪Mean 𝑚 = 𝑘∗t
. 𝐊−1 𝒚

▪Variance ² = 𝑘 𝑥∗, 𝑥∗ − 𝑘∗t
. 𝐊−1 . 𝑘∗

With

Covariance matrix 𝑲 = 𝑘(𝑥i, 𝑥j) 1i,jn
 

Covariance vector 𝑘∗ = 𝑘 𝑥∗, 𝑥1 , 𝑘 𝑥∗, 𝑥2 , … , 𝑘(𝑥∗, 𝑥n)

> 27

A flexible surrogate model: Gaussian process (Gp) regression
[Williams and Rasmussen, 2006]

Uncertainty 

quantification

Flexibility via kernels

Function modelling the notion of 

neighbouring i.e. Y(x(1)) and Y(x(2)) should 

be close if x(1) and x(2) are
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Covariance model (stationary)

▪ Possible choices 

▪ Exponentiel 𝑘 𝑥i, 𝑥j = 𝜎2exp(−
𝑥i−𝑥i


) 

▪ Gaussian (squared exponential) 𝑘 𝑥i, 𝑥j = 𝜎2exp(−
(𝑥i−𝑥i)²

2²
)

▪ Matérn 3/2 𝑘 𝑥𝑖 , 𝑥𝑗 = 𝜎2 1 + 3
𝑥𝑖−𝑥𝑖


exp − 3

𝑥𝑖−𝑥𝑖


▪ …

▪ Key parameters
▪ ² amplitude 

▪  correlation length

[Williams and Rasmussen, 2006]

> 28

28

http://gaussianprocess.org/gpml/chapters/RW.pdf
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Covariance model (stationary)

▪ Possible choices 

▪ Exponentiel 𝑘 𝑥i, 𝑥j = 𝜎2exp(−
𝑥i−𝑥i


) 

▪ Gaussian (squared exponential) 𝑘 𝑥i, 𝑥j = 𝜎2exp(−
(𝑥i−𝑥i)²

2²
)

▪ Matérn 3/2 𝑘 𝑥𝑖 , 𝑥𝑗 = 𝜎2 1 + 3
𝑥𝑖−𝑥𝑖


exp − 3

𝑥𝑖−𝑥𝑖


▪ …

▪ Key parameters
▪ ² amplitude 

▪  correlation length

▪ Definition for multiple inputs: through tensorisation of 1d- kernels

▪ Estimation via maximimisation of log-likelihood (other choices possible)

 2log 𝐿 = −𝒚𝑇𝑲−1𝒚 − log 𝑲 − nlog(2𝜋)

[Williams and Rasmussen, 2006]

> 29

29

http://gaussianprocess.org/gpml/chapters/RW.pdf
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Result of 

numerical 

model

True function 

(unknown
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Surrogate (Gp 

mean)

Matérn 5/2, ²=21.5; =1.80 

with constant trend =1.72

Estimation via MLE

Result of 

numerical 

model

True function 

(unknown
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Conditional 

random 

realisations

Surrogate (Gp 

mean)

Result of 

numerical 

model

True function 

(unknown
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95% uncertainty band 

(  of Gp)

Surrogate (Gp 

mean)

Result of 

numerical 

model

True function 

(unknown
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Extract an 

observation from 

the training 

dataset

True 

function

Principle of cross-validation Leave-One-Out

34
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Update the 

kriging 

fitting

True 

function

35

Principle of cross-validation Leave-One-Out
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True 

function
Estimate the 

error on the 

prediction

36

Principle of cross-validation Leave-One-Out
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Do for all 

observations

etc….

37

Principle of cross-validation Leave-One-Out
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Do for all 

observations

etc….

38

Principle of cross-validation Leave-One-Out
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Do for all 

observations

etc….

39

Principle of cross-validation Leave-One-Out
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Coeff. Of 

determination >80%

40

Principle of cross-validation Leave-One-Out

𝑄2 = 1 −
σ𝑖∈𝑻 𝑦𝑖  − ො𝑦𝑖  2

σ𝑖∈𝑻 𝑦𝑖  − ത𝑦 2
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❑ Adaptative design of experiments [Bect et al. 2012]

❑ Scenario-like, categorical inputs [Roustant et al., 2020; Rohmer et al. 2022]

❑ Complex inputs: time series [Betancourt et al., 2020], spatial inputs [Liu and 
Guillas 2016; Rohmer 2015]

❑ Complex output [El Garroussi et al., 2022; Chang et al., 2014; Perrin et al. 
2020; Li et al., 2020; Gu and Berger, 2016]

❑ Mixing wtih low fildelity simulations [Rohmer et al., 2023; Thenon et al. 2016]

❑ For calibration [Higdon et al., 2008; Salter et al. 2019]

A few references to go beyond the scalar-on-scalar case 

41

https://doi.org/10.1007/s11222-011-9241-4
https://epubs.siam.org/doi/abs/10.1137/18M1209386
https://www.sciencedirect.com/science/article/abs/pii/S136481522200086X
https://doi.org/10.1016/j.ress.2020.106870
https://arxiv.org/abs/1603.07888
https://arxiv.org/abs/1603.07888
https://link.springer.com/article/10.1007/s11004-014-9551-0
https://link.springer.com/article/10.1007/s00477-021-02060-7.
https://link.springer.com/article/10.1007/s00477-021-02060-7.
https://link.springer.com/article/10.1007/s00477-021-02060-7.
https://projecteuclid.org/journals/annals-of-applied-statistics/volume-8/issue-2/Fast-dimension-reduced-climate-model-calibration-and-the-effect-of/10.1214/14-AOAS733.full
https://doi.org/10.1016/j.ress.2021.107522
https://doi.org/10.1016/j.ress.2021.107522
https://doi.org/10.1016/j.ress.2019.106725
https://projecteuclid.org/journals/annals-of-applied-statistics/volume-10/issue-3/Parallel-partial-Gaussian-process-emulation-for-computer-models-with-massive/10.1214/16-AOAS934.full
https://link.springer.com/article/10.1007/s10596-023-10192-8
https://link.springer.com/article/10.1007/s10596-016-9587-y
https://www.tandfonline.com/doi/abs/10.1198/016214507000000888
https://www.tandfonline.com/doi/10.1080/01621459.2018.1514306
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In practice

https://openturns.github.io/www/

Module python, github

Reference:

Baudin et al. (2016)

Tutorial today

https://openturns.github.io/www/
https://github.com/openturns/openturns
https://doi.org/10.1007/978-3-319-11259-6_64-1
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Merci pour votre attention!

Des questions?

Contact: j.rohmer@brgm.fr 

43

mailto:j.rohmer@brgm.fr
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