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Hydregeology

Key role of numerical models

Softwares developed w.r.t. BRGM activities

~

Computational

Model

J

e.g. urban planning,
crisis management,
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Key role of numerical models
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Key questions:

~

Confidence in the numerical
results?
How to reduce uncertainty?
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Sensitivity
Analysis
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uncertainty Support for
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Adapted from [de Rocquigny et al., 2008].

Uncertainty in Industrial Practice; A guide to - @ Béosciences pour une Tore durae
Quantitative Uncertainty Management, Wiley brg
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https://onlinelibrary.wiley.com/doi/book/10.1002/9780470770733
https://onlinelibrary.wiley.com/doi/book/10.1002/9780470770733
https://onlinelibrary.wiley.com/doi/book/10.1002/9780470770733
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Representation
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Depending on the objective, different approaches...
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STEP 3
Propagation of

uncertainties

- Mean
I] - Exceedance Probability
- Worst case

Key question:
Where to put effort to
reduce the uncertainty?
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“For every dollar that is spent
trying to quantify uncertainty,
we should spend 10 dollars
collecting and analyzing data
that would reduce uncertainty’.

\3 WCE@

[Gail Atkinson] (2004 World Conference on Earthquake Engineering) —’"‘1‘

Q D
Wapa 29°
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https://www.iitk.ac.in/nicee/wcee/article/13_5001.pdf

Two possible approaches

a Local
* One parameter is varied ‘one at a time’ OAT
* Quantify a deviation from a reference solution

Q Global

» All parameters are varied all to together
= Account for probabilistic information
= Account for interactions

1 1 @ Géosciences pour une Terre durable
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Variance-based global sensitivity analysis

[Saltelli et al., 2008]

a Objective:
= Explore the influence of inputs X: (i=1..d) on the output y;
= Over the whole range of variation of X;;
= With account of interactions
» Model-free

a Principle:
= Estimate the variance reduction of Y'if | knew the true value x* of X
* The input leading to the largest reduction has the largest influence

a Assumptions in the following
» Variance(Y) ~ measure of uncertainty
= X, are independent

1 2 @ Géosciences pour une Terre durable
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https://onlinelibrary.wiley.com/doi/book/10.1002/9780470725184

Inputs Output

//\} |

1 3 @ Géosciences pour une Terre durable
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If the true value was known the
variance V(Y) would be reduced by

14 @ Géosciences pour une Terre durable
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If the true value was known the
variance V(Y) would be reduced by

VY[X, =)
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If the true value x2* was knwown the
variance V(Y) would be reduced by V(2)

A
/\} )
pde x1 _é
x2*
>
X2
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If the true value was knwown the
variance V(Y) would be reduced by

A
= > i model
pdf, X1 —£  y=f(X)

X2

YVV
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?

[ |
pde
/\ pdf pdf
A
= 1 > ; model
pdf X — y=Ff(X)
X2*
y y
>
X2
Since we do not know the true
value of » E(V(Y|X2))
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Definition of sensitivity indices

[Saltelli et al., 2008]

Law of Total Variance
v(Y) = E(V(YIX; = %)) + VEY|X; = x))
Sobol’ index of first order (main effect):
VEC(Y|X; = x;))
V(Y)

Functional ANOVA

V(Y):ZVi+ZVij+ Zl/zjl+"'+l/ij...d 2d-1 terms !

i<j i<j<l

Si=

Total effect
- V(E(Y]X )
V)
. 19 @ Gdesriancas pour une Turn duraia
e with X, =(X, ..., Xogy Xiasy oo X)) brgm

S, =1

Main effects + interactions



https://onlinelibrary.wiley.com/doi/book/10.1002/9780470725184

Use for factors’ ranking and fixing

[Saltelli et al., 2008]

Q Sy — S, : interaction betw. X and all other inputs

U In practice

S;; =0— f(X) does notdepend on X,

!

S;=1- f(X) onlydépendson X,

tot . .
S, =8,"  nointeraction

ZSI. =1 additive function
i=1

UEstimation:

+*Monte-Carlo ‘Pick-freeze’ methods [Sobol 2001; Saltelli et al. 2010] < requires specific experimental random design

+ Given Samples [rank-based: Gamboa et al. 2020; da Veiga et al. (2025)] € only uses N random samples

our une Terre durable
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https://www.knowledgeminer.eu/ockham/pdf/Sobol_Indices_2001.pdf
https://doi.org/10.1016/j.cpc.2009.09.018
https://projecteuclid.org/journals/bernoulli/volume-28/issue-4/Global-sensitivity-analysis--A-novel-generation-of-mighty-estimators/10.3150/21-BEJ1421.full
https://arxiv.org/abs/2303.17832
https://onlinelibrary.wiley.com/doi/book/10.1002/9780470725184

Needs some a priori

Main effects (15! order)

All effects (at all order)

[looss and
Lemaitre 2015]

knowledge .
Main and total effects
Complexity/Regularity Screening Variance
of the model —_—
decomposition
Non . .
monotoniL : ; , Sobol Sobol
discontinugus ! | e quasi-MC Monte Carlo
....................... e o e s e e oY e e ' e e et o A
. § § ! FAST and §
i : : : and !
morI.Otonlc i i Statlstlca|i eEFAST E
continuols T L H jests. ¢+ & . F
Monotonic : : : E
with -~ Fract. fact. |i dR'Y
interactions Rill design [; S9N : :
Monotonic aqUenlial
ithout bifurcations i ; ' : |
B : ; Rank régression i
interaction . : - ' '
Screening by groupg ; i
Linear 1! Supersiaturated ! P : E .
degre design (;)ne-At-a-Time; \ Linear rgegressnon i
: ! : : : Number
0 d2 d 2d 10d 100d 10000 ~ ©f model
evaluations
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https://hal.archives-ouvertes.fr/hal-00503179/file/JSFdS_iooss.pdf
https://arxiv.org/pdf/1404.2405
https://arxiv.org/pdf/1404.2405
https://hal.archives-ouvertes.fr/hal-00503179/file/JSFdS_iooss.pdf

A few challenges

0 Correlated inputs = Shapley effects [looss & Prieur 2019]

Q Beyond variance = HSIC [da Veiga 2015]

0 Complex outputs - [Gamboa et al., 2021]

0 Computational burden - use of surrogate models

22 @ Géosciences pour une Terre durable
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https://hal.archives-ouvertes.fr/hal-01556303v1
https://arxiv.org/pdf/1311.2483.pdf
https://doi.org/10.1016/j.ress.2021.107611

Huge computation time ., Large number of model
cost of a single run runs needed

Key ingredient:
High-Performance Computing

Univéfsifé
d'ORLEANS

23 @ Géosciences pour une Terre durable
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https://rapport-activite.brgm.fr/sites/default/files/2021-09/RR_PP_dataCentre.jpg

Huge computation time ., Large number of model

cost of a single run

-

\.

Experiments (DoE)

Design of E

Points to perform
simulations y

BRGM SERVICE GEOLOGIQUE NATIONAL WWW.BRGM.FR

runs needed

Complementary ingredient:

Surrogate modelling
(aka metamodelling)

Simulation Metamodeling
Performing - Approximation of the
simulations for the computer code over
points of the DoE the Xi space

Computer
code

Predictive
model learned
using machine

learning
methods

24 @ Géosciences pour une Terre durable



Multiple methods

»= Polynomial regression

= Smoothing techniques

-
= Polynomial Chaos expansion

= Support Vector Machine

= Neural network

= All techniques of data-science / machine learning
= Etc.

" Validity?

® Comparison to the results of test set not used for training
® In practice, cross-validation (LOO or K-fold)

25 @ Géosciences pour une Terre durable
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A flexible surrogate model: Gaussian process (Gp) regression

[Williams and Rasmussen, 2006]

*Objective: predict Y, for new inputs x,
without running the computer code

»Assumptions

=distribution of Y, depends on n simulation results Y, = y

adistribution of Y, |{Y,= y} is Gaussian

With parameters (simple kriging equations)

=Meanm = k*". K1 y

. t .-
=Variance 6% = 1 (x,,x,) — k* . K~ 1. k*
With

Covariance matrix /= (/(x;, %)), <ii<n

Covariance vector k* = (“(x,, x1), (%4, %2), vor, (X4, X))
26
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A flexible surrogate model: Gaussian process (Gp) regression

[Williams and Rasmussen, 2006]

»Objective: predict Y, for new inputs x,
without running the computer code

»Assumptions Uncertainty
=distribution of Y, depends on n simulation results Y, = y ' quantification
adistribution of Y, |{Y,= y} is Gaussian

With parameters (simple kriging equations)

_7,xt -1
*Meanm = k*". y Flexibility via kernels

s\ariance 6% = (X, Xy ) — k*t. _1_k* Function modelling the notion of

: i.e. Y(x4) and Y(x,,) should
With 'b (X1)) (X2))
Covariance matrix /© = ( (xi,x]-))1 <ii<n

e close if x4, and x, are
Covariance vector k* = (“(x,, x1), (%4, %2), vor, (X4, X))

27 @ Géosciences pour une Terre durable
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Covariance model (stationary)

[Williams and Rasmussen, 2006]

® Possible choices

: %1 —x;
" Exponentiel /| x;, Xj | = 0”exp(— 19 -)
2
o ° x-_x.
= Gaussian (squared exponential) | x;, x| = o?exp(— %)
, |x;—x;] loc; —x;l

= Matérn 3/2 /[ x;, x; | = o’ (1 ++/3 l@ = ) exp (—\/§ ‘e ‘)

" Covariance function Example of 1 random sample
" Key parameters ) AN | T e o

@ | A “"\ ---  matem5_
= o amplitude e ‘ T
= fcorrelation length & 5 e -
3 2 1 0 1 2 3 0.0 0.5 1.0 1.5 2.0 25 30
distance input, x

o2=1; lengthscale 0 =1

28 @ Géosciences pour une Terre durabls
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http://gaussianprocess.org/gpml/chapters/RW.pdf

Covariance model (stationary)

[Williams and Rasmussen, 2006]

® Possible choices

= Exponentiel | xj, X = UzeXp(— lxiéxil)

. . 2 (xi—x;)*
" Gaussian (squared exponential) “| Xj,Xj = 0 exp(— 02 )
= Matérn 3/2 xi:xj — 0.2 (1 4 \/g lxiéxil) exp (—ﬁlxiéxil)

" Key parameters

= o> amplitude
= {correlation length

" Definition for multiple inputs: through tensorisation of 1d- kernels

" Estimation via maximimisation of log-likelihood (other choices possible)

2log(L) = —y" ™'y —log| /| — nlog(2m)
BRGM SERVICE GEOLOGIQUE NATIONAL WWW.BRGM.FR 29 @ b“rgh];g”“"‘


http://gaussianprocess.org/gpml/chapters/RW.pdf

Result of

True function )
(unknown numerical @
model
o |
m —]
>
D —
I.!? _
[ [ [ [ [
0 2 4 6 8
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True function Result of ® Surrogate (Gp

numerical
(unknown mean)
model

10

Matérn 5/2, ¢2=21.5; 6=1.80
with constant trend =1.72
Estimation via MLE

our une Terre durable
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Result of

True function numerical @ Surrogate (Gp
(unknown mean)
model
o |
i
Conditional _
random YA

o - realisations

our une Terre durable
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Result of

True function ical Surrogate (Gp 95% uncertainty band
(unknown numedrlcia ® mean) (cc o of Gp)
mode
=
m —
>
D —
L!I) —

our une Terre durable
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Principle of cross-validation Leave-One-Out

Extract an
observation from
the training
dataset

BRGM SERVICE GEOLOGIQUE NATIONAL WWW.BRGM.FR

True
function

34
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Principle of cross-validation Leave-One-Out

o
N True
function
10 |
~ ] Update the
kriging
- :.3 | fitting
O
i
o
]

00 02 04 06 08 10

35 @ Géosciences pour une Terre
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Principle of cross-validation Leave-One-Out

©
o

Estimate the
error on the
prediction

BRGM SERVICE GEOLOGIQUE NATIONAL WWW.BRGM.FR

0.5 1.0 1.5

0.0

True
function
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Principle of cross-validation Leave-One-Out

5 Do for all
~ observations
0
= © |
0
[an]
S |
o

00 02 04 06 08 1.0

etc....

37 @ Géosciences pour une Terre
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Principle of cross-validation Leave-One-Out

5 Do for all
o / ‘ observations
o i
o
=9 | ~
0
I\q | -
[an]
- ©
D. | b
D T T T
0.0 02 04
o
X o
o |
o

00 02 04 06 08 1.0

etc....
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Principle of cross-validation Leave-One-Out

5 Do for all
‘“ /‘ observations
o _
©
) /
o |
LQ_ b
© o |
=2 ] ‘“
Q_ b
D T
00 02 04 pids
]
X o
- ©
D._ -
o
0.0 0.2
0
o
o etc....
=B

00 02 04 06 08 1.0
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Principle of cross-validation Leave-One-Out

Yieri —9:)?

Q*=1- —
Yieti —=¥)
| Coeff. Of o ¢
3 1 determination >80%
c A
O
@ N |
g ~—
>
8 _
o
52
© |9
o

true
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A few references to go beyond the scalar-on-scalar case

0 Adaptative design of experiments [Bect et al. 2012]

Q Scenario-like, categorical inputs [Roustant et al., 2020; Rohmer et al. 2022]

0 Complex inputs: time series [Betancourt et al., 2020], spatial inputs [Liu and
Guillas 2016; Rohmer 2015]

0 Complex output [El Garroussi et al., 2022; Chang et al., 2014; Perrin et al.
2020; Li et al., 2020; Gu and Berger, 2016]

a Mixing wtih low fildelity simulations [Rohmer et al., 2023; Thenon et al. 2016]

Q For calibration [Higdon et al., 2008; Salter et al. 2019]

41 @ Géosciences pour une Terre durable
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https://doi.org/10.1007/s11222-011-9241-4
https://epubs.siam.org/doi/abs/10.1137/18M1209386
https://www.sciencedirect.com/science/article/abs/pii/S136481522200086X
https://doi.org/10.1016/j.ress.2020.106870
https://arxiv.org/abs/1603.07888
https://arxiv.org/abs/1603.07888
https://link.springer.com/article/10.1007/s11004-014-9551-0
https://link.springer.com/article/10.1007/s00477-021-02060-7.
https://link.springer.com/article/10.1007/s00477-021-02060-7.
https://link.springer.com/article/10.1007/s00477-021-02060-7.
https://projecteuclid.org/journals/annals-of-applied-statistics/volume-8/issue-2/Fast-dimension-reduced-climate-model-calibration-and-the-effect-of/10.1214/14-AOAS733.full
https://doi.org/10.1016/j.ress.2021.107522
https://doi.org/10.1016/j.ress.2021.107522
https://doi.org/10.1016/j.ress.2019.106725
https://projecteuclid.org/journals/annals-of-applied-statistics/volume-10/issue-3/Parallel-partial-Gaussian-process-emulation-for-computer-models-with-massive/10.1214/16-AOAS934.full
https://link.springer.com/article/10.1007/s10596-023-10192-8
https://link.springer.com/article/10.1007/s10596-016-9587-y
https://www.tandfonline.com/doi/abs/10.1198/016214507000000888
https://www.tandfonline.com/doi/10.1080/01621459.2018.1514306

https://openturns.qgithub.io/www/

Data analysis

Probabilistic modeling

Surrogate modeling

05 f
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Manage data and samples

Sample analysis

Distribution fitting

Statistical hypothesis testing
Estimate dependency and copulas
Estimate stochastic processes
Graphics

Distributions
Copulas
Stochastic processes

General purpose metamodels
Polynomial chaos metamodel
Gaussian process regression
Fields metamodels

Reliability{sensitivity Calibration Functional modeling
M Od U Ie python y g Ith U b Sobol' indices - SaltelliSensitivityAlgarithm Viscous free fall: 10 trajectories
A == Frior

104 First order 010 ) — - Posterior

08 A : Total order oos 4 o ; lL g
Reference: feet | | o 4 N

) % 04 1 + a *xz | 004 4 ,' j"‘ 1|_

Baudin et al. (2016) t oa A

0.0 + 000 f—=fn e

1 2 I3 0 20 40 D.‘D 2‘5 5‘0 ?.’5 ‘.lOr.U 125
inputs Ks (m%s) .

Tutorial today

Central dispersion
Reliability

Reliability: processes
Sensitivity analysis
Design of experiments

Least squares and gaussian calibration
Bayesian calibration

Vectorial functions
Field functions
Link to an external code

Géosciences pour une Terre durable
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https://openturns.github.io/www/
https://github.com/openturns/openturns
https://doi.org/10.1007/978-3-319-11259-6_64-1

Mercl pour votre attention!
Des dquestions?

Contact: LromerDbram. fr
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